Abstract.
: Advantages of the rhomboid mesh.
Of course, the improved angle bounds are not for free. As the basic tree construction di ers not very much from Bern, Eppstein and Gilbert's, we conjecture that our method, too, generates meshes of minimal size. But the use of rhombs instead of squares removes one axis of symmetry which increases the number of cases to be considered.
The angle bounds of 30 to 90 which are met by our mesh generator improve the exibility when using adaptive methods. The most common re nement strategies divide the smallest angle of the mesh into halves 8, 11] . It is known that in a number of nite element formulations, small angles cause stability problems 2]. With our algorithm, the smallest angle is larger than 30 which allows adaptive methods to be used without problems.
Additionally to polygons with holes, we allow isolated points lying in the interior of the polygonal region. This increases the complexity of the algorithm only slightly, but allows the user to control the mesh density to a certain extend.
The next section brie y summarizes the main ideas of the method. It is intended to give an intuition on how and why the algorithm works. A more formally description starts with Section 3 giving some basic de nitions. It is followed by a section describing the algorithm (Sec. 4) and a part giving some ideas how the angle bounds are met (Sec. 5). In general, proofs are omitted as they mainly result from the constructions. The full paper will give missing details and proofs.
The Basic Idea
The algorithm presented here is able to triangulate polygonally bounded two-dimensional regions with polygonally bounded holes and single interior points. All angles of the generated mesh are (provably) larger than 30 and smaller than 90 . Like known methods from e.g. 1], it generates a quad-tree to separate the points and segments of the boundaries from each other. Di ering to known methods, it uses rhomboid boxes instead of square ones. An equilateral rhomb with interior angles of 60 and 120 can be divided into two equilateral triangles (cf. Fig. 1 ). We will see other advantages of the rhomboid structure later on.
The generation of the quad-tree follows the standard technique as already described in 1]. A box is called crowded if it contains two or more segments or points of the domain which are foreign 1 to each other but reachable from each other through the interior of the domain without leaving the currently considered box. Boxes of the quad-tree are split into four equal sized smaller ones as long as they are crowded. A balancing condition ensures that neighboring boxes (those lying next to each other) di er in their size by a factor of at most two. The balancing condition used in our construction is slightly sharper than the one of 1]: A rhomb is split into four smaller ones if more than two of its neighbors are divided. The quad-tree construction ends up with a rhomboid mesh of the following properties:
1. A rhomb shares edges with neighbors of half, equal or double size. 2. At most two of the neighboring rhombs are of half size. 3. A box containing an isolated interior point is surrounded by rhombs of the same size. 4. A box containing a corner of the polygonal boundary is surrounded by rhombs of the same size up to a distance of three. 5. A rhomb containing a part of a segment (or a corner) has a distance of at least two (three) to rhombs containing parts of the boundary which are not directly connected to this segment (or corner). 00 11  0  0  1  1  0  0  1  1   00  00  11  11  0 1   000  000  000 000  111  111  111 111   S   p 0 3  p 0 The mesh generation follows the basic structure from 1]. The quad-tree (of rhombs) is calculated, points of the tree lying near the domain boundary are shifted in a certain way (see section 5.2) and afterwards the individual boxes can be split into triangles independent of each other. Using a rhomboid mesh as the basis for the triangulation has a number of nice properties (cf. Fig 1): 1. A rhomb can be divided into two equilateral triangles. 2. A rhomb with at most two smaller neighbors can be triangulated into equilateral and right-angled triangles.
3. A corner of a triangulated rhomb with equal-sized neighbors and side length l can be moved by a distance of up to l=2 along any of its incident edges without violating the angle bounds of 30 to 90 (Fig 1) .
4. Each corner of a rhomb can be considered as center of a hexagon (if it does not lie at the boundary of the quad-tree) and corners of neighboring rhombs are corners of the hexagon.
After the quad-tree is completely constructed, it is disconnected from the domain boundary by deleting all tree-edges cutting segments of the boundary. Corners of the tree lying near the boundary are shifted to the interior of the domain by using one of three possible directions (two sides and a diagonal of the rhomb pointing away from the boundary segment). The exact way how this shifting is performed, splits into a number of cases (depending on how the segment cuts the rhomb) and is described in Section 5.7. Afterwards, the gap between the tree and the boundary is lled with so called border-boxes. They are constructed by inserting edges connecting outer corners of the tree to the boundary. These edges have to be perpendicular to the individual boundary segment. Figure 2 shows a border-box and Figure 3 shows how it is created. The corners p2 and p3 of the quad-tree lie to close to the segment S of the polygonal boundary. Corners of the domain boundary and isolated interior points have to be handled by their own. The quad-tree construction guarantees that a rhomb including an input point is surrounded by rhombs of the same size. Concerning only single points, it is not di cult to show that if the point is centered within a hexagon, the mid-corner of the hexagon can be moved to its position without running out of the angle bounds. Non-centered points can be centered by re ning or dere ning the quad-tree. Section 5.4 gives exact de nitions and algorithms. The triangulation of corner points of the boundary splits into a number of cases depending on the interior angle between the two segments meeting at the corner. Three main cases can be identi ed:
1. 60 : In this case the corner is cut o the rest of the domain by inserting two edges -one for each boundary segment -which are perpendicular to \their" segment and either meet in a common point or are connected by a third edge (cf. Fig. 12 ). The resulting polygon with four or ve corners is triangulated by its own (without generating steiner points on the \cut-o -edges"). The edges to cut o the corner are chosen is a way to ensure that the insertion of normal border-boxes can start right behind them. The details of the construction split into a number of cases depending on the relative position of the corner to the generated rhomboid mesh (see Sec. 5.6).
60 < 150 :
This case can be handled by shifting the rhomboid mesh in a certain way. The intersection of the bisector of with the mesh gives a point which has to occur in the triangulation. Not only a single node of a neighboring rhomb is shifted to this point but the whole side of the rhomb. The amount of side shifting should not be to large. Therefore, the sides of neighboring boxes up to a distance of three are shifted, too. Afterwards, the insertion (and triangulation) of border-boxes in the normal way gives a valid triangular mesh meeting the angle bounds (cf. Sec. 5.7).
150 < :
This case, again, splits into a number of parts. The triangulation is based on the rule to handle isolated interior points. The corner of the boundary is centered within a hexagon and the hexagon's mid-point is moved to the corner. The segments meeting at the corner then intersect triangles of the hexagon. The nal triangulation depends on the angle between the segment and the side of the intersected triangle lying in the interior of the domain. Section 5.8 gives more details.
This was only a brief description of the technique. The next sections will give more details. It should be pointed out that the method as described here is only able to handle the interior or exterior of polygonally bounded area. Segments lying completely within the area of triangulation are not allowed because they would result in non-conforming meshes (because of the insertion of border-boxes at segments). Additionally, is should be mentioned that the standard technique of doubling 1, 10] can be used to handle noncrowded boxes containing more than one segment (i.e. they contain two or more pieces of the boundary, but the pieces are not neighbored). In this case the triangulations of the di erent pieces do not in uence each other and can be performed on di erent local copies of the box (one for each segment). A border-box (cf. Fig. 2 ) is given by two points p; q and one line S of the boundary. It is de ned by the segments (p; q); (p; S); (q; S) and (q 0 ; p 0 ), where p 0 ; q 0 are the endpoints of the segments (p; S) and (q; S).
The algorithm uses a quad-tree, a geometrical division of the plane into a tree of rhombs. Each rhomb is either a leaf of the tree or is split into four equal-sized children. During the construction, we sometimes work with virtual boxes which are possible neighbors of a rhomb but do not directly exist in the tree (because the rhomb lies at the boundary of the tree or the actual existing tree does not contain this box, see Fig. 4 ). A neighbor of a box might be a virtual box if not explicitly mentioned that is has to exist. A rhomb has four possible direct neighbors and we distinguish between ve possible types of neighbors:
1. A neighbor of a rhomb is a rhomb of the same size sharing a side.
2. An extended neighbor is a rhomb of the same size sharing at least one corner.
3. A rst neighbor of a rhomb B is an existing rhomb of the quad-tree which is not B, but shares at least one corner with B (Fig. 5 ). 4. A second neighbor of a rhomb B is an existing rhomb of the quad-tree which shares at least one corner with one of B's rst neighbors but is not equal to B or one of B's rst neighbors ( Fig. 5 and 6 ). 5. A third neighbor of a rhomb B is an existing rhomb of the quad-tree which shares at least one corner with one of B's second neighbors but is not equal to B and not included in the set of B's rst and second neighbors (Fig. 6 ).
The rst, second and third neighbor de nitions describe the rhombs around B with a distance of 0; 1 and 2. A corner of a rhomb is one of its four vertices. The corners of the quad-tree are the points which are corners of its rhombs. The side of a rhomb is split if the extended neighbor sharing this side is split. All used quad-trees are balanced, i.e. each rhomb has at most two split sides and a rst neighbor is of same or double size. This includes that, except the end points, at most one corner of the quad-tree is lying on each side of a rhomb. Such a corner is called splitting point. A rhomb B is crowded if the rhomb B 0 of size x B centered at B contains at least two foreign elements and there exists a path between these elements lying completely in the interior of B 0 and P. The exact size of B 0 depends on the kind of elements included in B 0 . If it contains a polygonal corner, x has to be 7, otherwise, x is chosen to 5.
Boxes including points or polygonal corners must be surrounded by rhombs of the same size up to a distance which depends on the type of the corner (especially on the enclosing angle between the two lines meeting at the corner).
The corner condition for a rhomb B including the point p is given by: Corners of the quad-tree lying near the polygon boundary are shifted into the interior of the domain. To be able to move nodes, certain moving conditions have to be satis ed which are rules on the re nement of the tree. Note that we can not avoid that neighboring boxes of di erent size are cut by boundary segments (otherwise, the mesh would become to ne). So we have to give rules on how to re ne parts of the mesh to make nodes lying to close to the boundary \movable". Section 5.1 gives more details. The root box is a rhomb containing the whole polygonally bounded region given as input. During the quad-tree shifting, certain boxes, mainly around corners or single interior points, become protected. Protected boxes are split no further during the tree construction and the creation of border-boxes at boundary lines stops if a protected box is reached. This mechanism is used to prevent the creation of border-boxes from running into areas which are needed to handle the correct triangulation of corner points.
The Algorithm
Let fP;H;Gg be a permitted input. Throughout the algorithm, whenever a rhomb is split into four smaller ones, the balancing condition is propagated as far as necessary. The algorithm consists of the following steps:
1. Calculate a root rhomb. 11. Triangulate border-boxes (cf. Fig. 2 
As long as
a crowded rhomb B exists split B into four equal sized smaller ones. 3. For each leaf rhomb including a corner point p ensure that the corner condition is valid. Split larger rhombs if necessary. 4. For each leaf rhomb B including a corner point p which belongs to a polygonal corner with an
Moving Conditions
Step 7 of the algorithm requires to ensure that corners of the quad-tree lying near the boundary are movable. If p is a corner of four equal sized rhombs, it is movable and nothing has to be done (cf. Fig. 3 ).
If p is a splitting point or a corner of rhombs of di erent size, it is not necessarily movable and so the larger rhomb has to be split. Let l be the length of the largest rhomb belonging to p. The side (aj; aj+3) splits the hexagon around p into two equal parts. Figure 7 shows the situation with j = 1. If it is not possible to triangulate each part into equal sized triangles, the larger rhomb or only a part of it is split. This means that the larger rhomb is divided into two equal sized triangles and each triangle is split into four smaller ones if it intersects the considered part of the hexagon.
Moving Corners
The way how corners of the quad-tree near the polygonal boundary are moved to the interior depends on their distance from the boundary and on whether of not the rhombs meeting in that point are of the same size. Two di erent cases are possible:
1. p is a corner of four equal sized rhombs. The moving operation of p to p 0 is de ned as: p 0 := p if dist(p; vj) 0:5l p 0 := (p; a (j+3) ) z =2 otherwise (see Figure 3) 2. p is a splitting point or a corner of rhombs of di erent size. Let l be the length of the largest rhomb side. To de ne a triangulation of a border-box we need some more information about the length of the sides l1; l2; l3; l4 and the angle 1. All identi ers are shown in Figure 10 and w.l.o.g., we assume l2 l1. The algorithm creates 7 di erent types of border-boxes: BB 1 is created by a rhomb which is neighbored by rhombs of equal size (cf. Fig. 10 ). BB 2 is created by a rhomb which is neighbored by a larger rhomb (cf. Fig. 8 ). BB 3 is created by a rhomb which is neighbored by smaller rhombs (cf. Fig. 8 ). BB 4 is created by a rhomb with two sides of length l ? x, caused by grid shifting (cf. Fig. 13 ). BB 5 is created by a rhomb with two sides of length l + x, caused by grid shifting (cf. Fig. 13 ). BB 6 and BB 7 are created during the triangulation of a corner with 60 (cf. Fig. 12 ).
Depending on the corner moving operation the length of the sides l 0 1 ; l 0 2 can be bounded. Depending on this bounds and the angle between the side l 0 1 and the segment S, the bounds of the sides l1; l2 are calculated. The results are shown in Table 1 .
min(l1) max(l1) min(l2) max(l2) min(l3) max(l3) max ( occurs ( > 120 ) the triangle can be melt with its neighbor from the border-box (see Figure 13 ).
Triangulating Corners with Angle 150
Let W; V be the segments with the common end-point p and the enclosing angle . In this case, p is centered within a rhomb B and the triangulation which would be done, if p was a single interior point is known. This triangulation is used to describe how to handle the obtuse corner (but does not appear in the nal triangulation, cf. Fig. 14) . Let ai; i = f1::6g be the corners of the (point) triangulation. Depending on the angle between the segment W and the side of the intersected triangle (the side must lie inside of the polygon and is given by (ai; p)) a triangulation of the interior will be described. Three di erent cases occur: In this case the edge (ai; p) instead of the edge (a (i?1) mod 6 ; p) or (a (i+1) mod 6 ; p) has to be used and the angle 0 = + has to be considered (cf. Fig. 15 ). Since 30 90 , the angle 0 has bounds between 60 and 120 . If 0 90 , the triangulation from above can be used. 0 > 90 implies > 60 and this only can happen using one of the three di erent triangles with an angle i > 60 which splits into ve di erent cases: Let D1; D5; D6 are be the possible triangles (using the same description as in Figure 11 ) (cf. Fig. 14) .
(a) The segment W intersects D1 or D5] and D6 lies inside the polygon (cf. Fig. 16 i. The corner a2 a6] will not be moved (cf. Fig. 15) . ii. The corner a2 a6] will be moved to the point a 0 2 a 0 6 ] and the edge (a 0 2 ; p) (a 0 6 p)] divides the angle 0 into two angles greater or equal to 30 (cf. Fig. 18 ).
iii. The corner a2 a6] will be moved to the point a 0 2 a 0 6 ] and the edge (a 0 2 ; p) (a 0 6 ; p)] divides the angle 0 into one angle smaller than 30 (cf. Fig. 19 ).
(d) In all other possible cases, 0 will be smaller than 90 .
The same triangulation can be done with segment V and each one only e ects the intersected triangle and its neighbor. This gives the solution that the triangulation with W and V can be combined to an independent triangulation if 150 . All not triangulated rhombs can be triangulated in the normal way.
Conclusions
A new algorithm for two dimensional triangular mesh generation of a polygonal region with holes and single points was presented. All angles of the generated mesh are bounded between 30 and 90 , except possibly smaller input angles. The algorithm uses a quad-tree of rhombs to separate elements of the given boundary from each other. Shifting nodes of the tree lying near the boundary to the interior and inserting border-boxes at the boundary allows the triangulation to meet the angle bounds. Corners of di erent type are handled by their own resulting in a number of distinct cases. Allowing isolated interior points in the input gives a possible user the chance to control the mesh density. Missing up to now is an analysis of the size of the resulting mesh and the running time of the algorithm. We conjecture that the meshes will be of minimal size but a proof has to be given. Also missing is an analysis of where to place the steiner point while triangulating a border-box to obtain optimal angles. Details will appear in a full paper. Up to now, only parts of the method are implemented. We are working on this, as well as on a parallel implementation on distributed memory machines.
